The superembedding formalism is used to study correction terms to the dynamics of the M2 brane in a flat background. This is done by deforming the standard embedding constraint. It is shown rigorously that the first such correction occurs at dimension four. Cohomological techniques are used to determine this correction explicitly. The action is derived to quadratic order in fermions, and the modified κ-symmetry transformations are given.
Introduction
An interesting problem in string/M theory is to consider higher-order corrections to the effective dynamics of various branes. A number of results have been obtained in the purely bosonic sector, particularly for D-branes, [1, 2, 3, 4, 5, 6, 7] . 1 Some of these have been supersymmetrised, for example the ∂ 4 F 4 and other terms in D-brane actions [10, 11] , but it has so far proven difficult to obtain Lagrangians or equations of motion with fully-fledged kappa-symmetry. Some kappasymmetric results have been obtained for higher-derivative terms for superparticles [12, 13, 14] and superstrings [15] , for coincident D0-branes in [16] , and for branes in lower-dimensional spacetimes in [18, 19] . The last two papers made use of the superembedding formalism [20, 21] which offers a systematic way of incorporating kappa-symmetry whilst maintaining manifest target space supersymmetry. In this paper we shall examine the leading correction terms for the M2-brane using this formalism. We shall derive the action up to terms quadratic in the fermions as well as the modified kappa-symmetry transformations.
The two examples studied in [18, 19] , namely a membrane in four dimensions and a set of coincident membranes in three dimensions, were relatively easy to analyse because the worldvolume multiplets in both cases are off-shell. This means that the standard superembedding constraints do not need to be altered -one only needs to find higher-order Lagrangians which can be constructed using standard methods. However, for the 1/2 BPS branes in string theory and M-theory the worldvolume multiplets are maximally supersymmetric matter or gauge multiplets and it is not known how to find auxiliary fields for these or even if they exist. Indeed, the standard superembedding constraint leads directly to the equations of motion of the brane in most cases [22, 23] . This means that we need to find new techniques to discuss higher-derivative interactions for these branes. The purpose of the present paper is to show how this can be carried out in a perturbative fashion for the case of the M2-brane. The basic idea is to deform the superembedding constraint in such a way that the field content of the brane theory is unchanged. The torsion identities, which we describe in detail below, then impose consistency requirements on the deformation which can be analysed order by order in a parameter ℓ which has the dimensions of length and which could be the Planck length or the string length √ α ′ . In fact, what we end up with is a cohomology problem which is similar in spirit to the cohomological problems encountered in the analysis of higher-order corrections to maximally supersymmetric field theories including supergravity [24, 25, 26, 27, 28] . However, the cohomology problem considered here is manifestly covariant with respect to target space supersymmetry and local worldvolume supersymmetry (κ-symmetry); if we were to work in the static gauge the formalism would automatically have "N = 2" worldvolume supersymmetry (actually d = 3, N = 16) non-linearly realised.
We shall limit ourselves to the case of a flat target superspace in this paper for simplicity, although there will also be corrections involving the target space curvature. We show rigorously that supersymmetry does not allow any deformations with three or fewer powers of ℓ, a result which is to be expected in view of the results that have been obtained for D-branes. We then analyse in some detail the lowest-order non-trivial deformation at ℓ 4 . This turns out to be rather complicated and involves up to seven powers in fields. We show that there is a unique deformation with at most three fields. We believe that it is unlikely that there are other independent deformations, because of the number of constraints that have to be satisfied, but we have not completed the proof of this assertion. Knowledge of the cubic terms in the deformation is sufficient to determine the modified Lagrangian to quadratic order in fermions, and thus to determine the full purely bosonic part of the action at order ℓ 4 . The result is, as expected, a Lagrangian which is quartic in the extrinsic curvature.
The organisation of the paper is as follows. In the next section we briefly review the superembedding formalism and the relation of worldvolume supersymmetry to κ-symmetry. In section three we solve the torsion identities for the membrane to first order in the deformation field ψ and summarise the lowest order results which give the standard dynamics. In section four we introduce the relevant spinorial cohomology groups for deformed superembeddings. In section five we discuss the constraints on the deformation and solve the relevant cohomology problem up to order ℓ 4 in section six. In section seven we construct the action, up to terms quadratic in the fermions, and in section eight we discuss the modified κ-symmetry transformations.
Superembeddings
The superembedding formalism was pioneered in the context of superparticles in three and four dimensions by Sorokin, Tkach, Volkov and Zheltukhin [20] , and has been applied by these and other authors to various other branes; for a review see [21] . 2 In [22] it was shown that the formalism can be applied to arbitrary branes including those with various types of worldvolume gauge fields, and it was then used to construct the full non-linear equations of motion of the M-theory 5-brane in an arbitrary supergravity background [23] .
We consider a superembedding f : M → M , where M is the worldvolume of the brane and M is the target space. Our index conventions are as follows: coordinate indices are taken from the middle of the alphabet with capitals for all, Latin for bosonic and Greek for fermionic, M = (m, µ), tangent space indices are taken in a similar fashion from the beginning of the alphabet so that A = (a, α). We denote the coordinates of M by z M = (x m , θ µ ). The distinguished tangent space bases are related to coordinate bases by means of the supervielbein, E M A , and its inverse E A M . We use exactly the same notation for the target space but with all of the indices underlined. Indices for the normal bundle are denoted by primes, so that A ′ = (a ′ , α ′ ). We shall occasionally group together tangent and normal indices and denote them by a bar,ā = (a, a ′ ) etc.
The embedding matrix is the derivative of f referred to the preferred tangent frames, thus
In addition, we can specify a basis {E A ′ } for the normal bundle in terms of the target space basis by means of the normal matrix E A ′ A .
The basic embedding condition is
Geometrically this states that the odd tangent space of the brane is a subspace of the odd tangent space of the target superspace at any point on the brane. To see the content of this constraint we can consider a linearised embedding in a flat target space in the static gauge. This gauge is specified by identifying the coordinates of the brane with a subset of the coordinates of the worldvolume, so that
Since
in flat space, it is easy to see, to first order in the transverse fields, that the embedding condition implies that
where
From this equation the nature of the worldvolume multiplet specified by the embedding condition can be determined. Depending on the dimensions involved, this multiplet can be one of three types: (i) on-shell, i.e. the multiplet contains only physical fields and these fields satisfy equations of motion, (ii) Lagrangian off-shell, meaning that the multiplet also contains auxiliary fields (in most cases), and that the equations of motion of the physical fields are not satisfied, although they can be derived from a superfield action, and (iii) underconstrained, which means that further constraints are required to obtain multiplets of one of the first two types. For thirty-two target space supersymmetries, the multiplets are always of type (i) or of type (iii), whereas for sixteen or fewer supersymmetries all three types of multiplet can occur, with type (iii) arising typically for cases of low even codimension.
In this paper we shall be concerned with the membrane in D = 11 superspace, i.e. the M2-brane. This has been discussed as a superembedding in [30] . The worldvolume is d = 3, N = 8 superspace, and the worldvolume multiplet is an on-shell scalar multiplet (type (i)). This can be seen from (7) . The leading component of the superfield X a ′ describes eight scalar fields on the worldvolume, while the leading component of θ α ′ describes eight spin one-half fields. Equation (7) implies that there are no further independent component fields and that the scalars and spinors satisfy the usual equations of motion for free massless fields.
In order to determine the consequences of the superembedding condition in the non-linear case, and to find the induced supergeometry on the brane, one uses the torsion equation which is the pull-back of the equation defining the target space torsion two-form. This reads
In this equation the covariant derivative acts on both worldvolume and target space tensor indices. The latter are taken care of by the pull-back of the target space connection, while the worldvolume connection can be chosen in a variety of different ways. One also has to parametrise the embedding matrix. Having done all this, one can work through the torsion equation starting at dimension zero. In this way the consequences of the embedding condition (2) can be worked out in a systematic and covariant fashion.
The equations of the component or Green-Schwarz formalism can be obtained by taking the leading (θ = 0) components of the various equations that describe the brane multiplet. A key feature of the formalism is that these component equations are guaranteed to be κ-symmetric because κ-symmetry can be identified with the leading term in a worldvolume local supersymmetry transformation. We recall briefly how this works [20] . Let v M be a worldvolume vector field generating an infinitesimal diffeomorphism. If we write the superembedding in local coordinates as f M = z M (X), then the effect of such a transformation on z(z) is
If we express this in the preferred bases we find
Now if we take an odd worldvolume diffeomorphism, v a = 0, and use the embedding condition (2) we get
This can be brought to the more usual κ-symmetric form if we define
and note that it satisfies
where P is the projection operator onto the worldvolume subspace of the odd tangent space of the target superspace. We can always write P = 1/2(1 + Γ), and so Γ is computable in terms of the embedding matrix. Substituting this into (12) we recover the normal form of κ-symmetry transformations. (Strictly, we should evaluate this equation at θ = 0 to get the correct component form.) The explicit form of P is
where the inverse is taken in the fermionic tangent space (of M ).
For the case of the supermembrane in D = 11, this procedure yields the equations of motion found in [31] . To find higher derivative corrections to these equations it follows that we shall need to amend the basic embedding condition (2) . We note that a simple consequence of this is that the κ-symmetry transformations will no longer have the standard characteristic form for which δz a = 0.
The torsion identities
In this section we shall study the torsion identities in the case that the embedding condition is relaxed. We shall take the target space to be flat so that the only non-vanishing component of the target space torsion is
We can parametrise the embedding matrix as follows:
while the normal matrix can be chosen to have the form
Here, the 32 × 32 matrix u α α := (u α α , u α ′ α ) is an element of Spin(1, 10) while the matrix u a a := (u a a , u a ′ a ) is the corresponding element of SO (1, 10) . The dimensions, in units of mass, of the various components of the embedding matrix are given by
and similarly for the normal matrix. We can always bring these matrices into the above forms by a suitable choice of the bases of the even and odd tangent spaces on the worldvolume. We can now plug this form of the embedding matrix into the torsion identity
and work out the consequences. As we noted earlier, the covariant derivative here acts on both target space and worldvolume indices, but since the target space is flat we only need a worldvolume connection. This can be specified either by imposing some constraints on the worldvolume torsion tensor or by choosing a connection which is natural in the superembedding context. We shall use the latter. Given the matrix u we can define the set of one-forms
If we set
then we fix connections for the tangent and normal bundles in a standard fashion. Note that
The torsion identities yield the following results for a flat target superspace: dim 0
The terms in brackets will be irrelevant in what follows because they will turn out to be zero at first order in the deformation parameter as we shall shortly see.
Zeroth order
In the zeroth order theory the standard embedding condition E α a = 0 holds, so that ψ α c ′ = 0.
If we substitute this into the above equations we find that h α β ′ = 0 while the induced torsion is
at dimension zero and vanishes at dimension one-half. The dimension one and three-halves components are given by the corresponding equations above.
For X we find, at dimension one-half,
It is easy to show that these equations imply that
In the linearised theory Λ a β ′ ∼ ∂ a θ β ′ , so that we can identify (41) as the equation of motion of the fermion field in the worldvolume multiplet. At dimension one we have
Using the fermion equation of motion we find the scalar equation of motion
Indeed, in the linearised theory, X ab c ′ ∼ ∂ a ∂ b X c ′ , so we get the massless Klein-Gordon equation.
Finally, a short calculation gives the supersymmetry variation of X ab c ′ :
First order
A first order deformation of the theory will involve the presence of a non-vanishing ψ field which we can take to be of the form of a dimensionful parameter β, say, multiplied by a function of the physical fields Λ a β ′ and X ab c ′ as well as derivatives. We shall write this schematically as
Furthermore, ψ is subject to the constraint
Note that, since ψ, h and T αβ γ are all of order β we are allowed to drop the T αβ γ ψ γ c ′ term from (27) . The problem is then to analyse equation (47). This can be done systematically in powers of the length parameter ℓ. Note that, given an explicit expression for ψ in terms of the physical fields, equation (47) allows us to solve for h.
Spinorial cohomology for branes
The notion of spinorial cohomology [24, 26] is useful for studying both the space of physical fields in certain supersymmetric theories and also for studying deformations of the equations of motion. In the simplest case one studies spinorial p-forms, i.e. totally symmetric p-spinors which are γ-traceless, together with a differential operator which is obtained by acting with D α followed by symmetrisation and removal of the γ-trace. This defines a cohomology which is isomorphic to pure spinor cohomology [32, 33] . The relevance of the latter to theories in ten and eleven dimensions is explained by the fact that the equations of motion can be interpreted in terms of pure spinor integrability [34, 35] . The formalism has been applied to D = 10 Yang-Mills theory and supergravities in ten and eleven dimensions [24, 25, 26, 27, 28] . Moreover, one can also consider vector-valued spinorial cohomology [26] . For branes, the appropriate cohomology is a variant on the latter.
Since we are interested in first-order deformations, it is sufficient to work on a worldvolume whose induced supergeometry is given by the zeroth order theory. We then consider the spaces 
We can therefore form the quotient spaceΩ
B ′ which squares to zero. This derivative is defined by acting with the spinorial covariant derivative ∇ α and symmetrising modulo equivalences of the form of equation (48). In other words, if
It is easy to see that this definition is independent of the choice of representative h. To see that d 2 s = 0 we observe that
Now, from the first Bianchi identity, we have
so that the first term on the RHS of (50) is of the form
for some k. However, this can be written as
and so this term maps to zero in the quotient space. The second term on the RHS of (50) can be evaluated with the aid of the Gauss-Codazzi equation which can, in turn, be derived from the definition of X A . One finds that
from which it is easy to see that the second term also gives zero in the quotient space. This shows that d 2 s = 0 so that we can define the cohomology groups
B ′ . We claim that a first-order deformation of the dynamics of the membrane is given by an element of H 1 B ′ (phys), where the notation indicates that the coefficients should be given by fields constructed from the physical fields.
To see that this is the appropriate group we need to consider redefinitions. We shall find the effect of a field redefinition of the embedding coordinates
on the field ψ α c ′ . The transformation (57) of the embedding coordinates with the background geometry fixed may be viewed equivalently as a diffeomorphism of the background geometry with the embedding coordinates fixed. Taking the latter point of view, we find that the target-space vielbein transforms as
up to a Lorentz transformation on the flat index. The transformation of the embedding matrix reads
Setting A = α, A = a in the above and expressing E α a in terms of ψ α c ′ , we obtain
where (δz) c := (δz) c u c c , etc. Since δz is of order β we can use the zeroth order expression for X and so we obtain
Together with the fact that ψ satisfies the constraint (47), this proves the contention that the first-order deformation is indeed given by an element of H 1 B ′ (phys). We observe that the zeroth order group H 0 B ′ can be interpreted as the space of physical fields, since a deformation of the form of (59) such that the left-hand side vanishes will leave the basic embedding constraint unchanged. Indeed, the linearised embedding equation (2) can also be viewed as defining an element of this group in flat space.
The discussion given here is pertinent to the M2-brane but can be generalised to other branes. This may require some technical modifications since the field h α γ ′ does not vanish at zeroth order in the presence of worldvolume gauge fields; in particular, this is the case for D-branes and the M5-brane.
Constraints on ψ
We now derive the constraints on ψ α a ′ implied by the dimension-0 torsion identity at linear order in β,
Note that in the above we have taken into account that T γ αβ is of order β as implied by the dimension-1/2 torsion identity.
The field ψ αi a ′ (switching to two-step notation) transforms under the (1)×((0001)⊗(1000)) rep-
(See the appendix for representation-theoretic conventions.) Decomposing ψ into irreducible representations, we find
Explicitly:
From (59) it follows that the trace part in the decomposition of ψ a ′ αi above can be eliminated using field redefinitions of the embedding coordinates. We shall therefore set
Decomposing in irreducible representations, we have
In order to analyse (61) we need to decompose ∇ αi Σ βj a ′ into irreducible representations of Spin(1, 2) × Spin (8), (remember we have set Σ i ′ α to zero). This field transforms under the
Decomposing into irreducible representations, we have
Explicitly,
The semi-colon notation here denotes "hook" representations, e.g a ′ b ′ ; c ′ denotes a traceless tensor which is antisymmetric on a ′ b ′ , but not on all three indices. Using (63,64) in (61) we can solve for h αi βj ′ in terms of the Y s:
In addition we find two constraints
Finally, the fields
e ′ drop out of (61) and are therefore left undetermined.
6 Solving the spinorial cohomology problem 
where the bars denote the projections onto the indicated irreducible Spin (8) representations.
In addition one has to take into account the field redefinitions. As explained in the previous section, these are given by the projection of the spinor derivative of (δz) a ′ onto the (1) × (1001) part. Explicitly,
Our strategy is to view Σ a ′ αi , (δZ) a ′ as composite operators, given in terms of the world-volume fields X ab c ′ , Λ a αi ′ . At any given order of ℓ, one writes down the most general expressions for Σ a ′ αi , (δz) a ′ allowed by dimensional analysis and representation theory. In determining the most general expressions at a given order in ℓ one can assume that the worldvolume fields obey the lowest-order equations. This is because Σ a ′ αi , (δz) a ′ are already of order β. In terms of irreducible representations of Spin(1, 2) × Spin (8), In terms of irreducible representations of Spin(1, 2) × Spin(8),
where we have taken into account the fact that Λ is anticommuting. One can verify that (1) × (1001) is not contained in the decomposition of the right-hand sides above and therefore there is no possible composite field Σ a ′ αi at this order in β. Consequently, the spinorial cohomology is trivial and there are no possible supersymmetric deformations of the theory at this order.
Spinorial cohomology at
In this section we shall show that
Analysing this in terms of representations of Spin(1, 2) × Spin(8) one finds that only the boxed terms contain (1) × (1001). The three contributing terms are
Analysing the contents of these products in terms of irreducible representations, we find that only the boxed expressions contain the representation of Σ, i.e. (1) × (1001). So at order ℓ 3 a nontrivial Σ must be built from these five terms and must satisfy the constraints (65).
We now identify the field redefinitions which can be used to remove some of these terms. Dimensional analysis restricts the field redefinitions (δz) a ′ at order ℓ 3 to be of the types X 2 , XΛΛ and Λ 4 . Decomposing these into irreducible representations one finds that that only XΛΛ contains a Spin(8) vector which is a Spin(1, 2) scalar as required, and so the field redefinitions are given as:
This means that we can remove one of the five terms in Σ by a field redefinition.
Next, we need to find the terms which contribute to the constraints (65). This can be done either by explicitly calculating the action of d s on all five terms, or by dimensional analysis and representation theory. The latter method reveals that, schematically left with four terms that must not violate the constraints, i.e. contribute to the (0) × (1100) or (2) × (1002). To show that any linear combination of these terms, that is any content of ψ at this order in ℓ, would violate the constraints, we need to go into more detail. We break up the possible terms for Σ and those for the constraints Y into products of irreducible representations (which one can derive by dimensional analysis and representation theory as before). This is illustrated in figure 6.2. As indicated in the figure, after using the field redefinition, we are left with two different X 2 Λ and two different Λ 5 terms in Σ. We can choose a basis for the X 2 Λ such that only one of them contributes to the forbidden Λ∇ΛX (arrows indicating its contributions to other representation in Y are suppressed). The latter cannot be generated from either of the Λ 5 terms. Therefore, the first X 2 Λ-term would violate the constraints and cannot be present. An explicit calculation then shows that the remaining X 2 Λ term contributes nontrivially to the XΛ 4 with a (2,2) plethysm of the Λ. Again, neither of the Λ 5 terms can cancel this, and so the second X 2 Λ term must also be trivial (again, arrows indicating its contributions to other representations in Y are suppressed). Finally, as the arrows in the figure indicate, the Λ 5 terms cannot remove each other's contributions towards Y . This shows that there is no linear combination of the potential terms which obey the constraints.
In terms of irreducible representations of Spin(1, 2) × Spin(8), we can decompose the above contributions as
In addition one can verify that there are no more contributions coming from the rest of the terms on the right-hand side of (69). There are therefore fifty-five possible terms.
We shall now make the assumption that there is a non-trivial cohomology element cubic in the fields. This is what we expect from string theory calculations in ten dimensions. In order to determine the cubic part (Σ (cub)a ′ αi ) of the cohomology, we shall only require the explicit form of the cubic terms. These are eight in total,
The coefficients c I will be determined, up to an overall factor, in the following.
Carrying out a similar analysis for the redefinitions (δz) a ′ at this order in β we conclude that the only possible contributions are of the form,
There are nine terms in total, but we shall only need the explicit form of the following cubic terms,
Finally, we need to repeat the analysis for the constraints Y a ′ b ′ ;c ′ and
We find the following contributions,
We shall only need the explicit form of the following terms,
All the above is summarised in the following diagram. The coefficients c I in (70) are determined, up to an overall factor, as follows. First note that the redefinitions (71) can be used to eliminate Σ (I)a ′ αi ; I = 5 . . . 8. Indeed an explicit calculation gives
so that (δz) (2,3)a ′ can be used to eliminate Σ
and so (δz) (1,4)a ′ can be used to eliminate Σ (5,6)a ′ αi . In the following we set c I = 0; I = 5 . . . 8.
Next we evaluate the action of d s on the remaining cubic terms,
where the ellipses stand for terms with more than three fields. Demanding the vanishing of d s fixes the remaining coefficients to be Figure 3 : Spinorial cohomology at ℓ 4 .
We conclude that the part of the spinorial cohomology cubic in the fields at order ℓ 4 is determined up to an overall factor to be represented by
Action
There are various ways of deriving the action corresponding to the deformed embedding constraint. One is to compute the modified equations of motion by solving the torsion constraints at dimensions one-half and one, and then to work back to the Lagrangian. This is a systematic approach, but is fairly tedious in practice. Another possibility is to use the action principle for branes. We shall discuss this below, but it turns out that one is required to solve another spinorial cohomology problem. In order to avoid this we shall find the key part of the Lagrangian up to quadratic order in fermions by brutal force. Nevertheless, the action principle does shed light on the structure of the component action.
Action principle
We recall that supersymmetric Lagrangians in D-dimensional spacetime can be constructed from closed superspace D-forms [36, 37] . Given such a form, L, the spacetime action is
Under an infinitesimal superspace diffeomorphism generated by a vector field [38] . At higher orders, it must still be possible to write W as dK, but we shall also require Lagrangian forms satisfying dL = 0.
For the M2-brane W is the pull-back of the target space four-form H on to the brane, W = f * H := H. The components of the pullback are (up to signs)
The only non-vanishing component of H in flat superspace is
To order β we therefore have
We can now solve H = dK. In components,
Note that for β = 0, all the components of K are zero, except for the highest-dimension component K abc . To order β we have, taking (75-79) into account ,
This is solved by
This implies
where we have taken into account the expression for T αβ e to order β, given in section three. The above equation is satisfied when
This is identical to the solution for K ABC in the β = 0 case. This does not necessarily mean that there is no correction to the Green-Schwarz action because the induced Green-Schwarz metric may change. However, one can check that there is no such change to first order in β although corrections of this type will arise at higher orders.
This means that the Lagrangian form we are looking for must satisfy dL = 0, and, furthermore, that L αβγ cannot be zero. Since the Lagrangian form can be changed by an exact form without affecting the action (73), it follows that this gives rise to a new spinorial cohomology problem. This is more complicated than the one treated in section six in that the representations involved are larger. On dimensional grounds, the order β contribution to L αβγ which is quartic in fields has the schematic form Λ 3 X but we have not attempted to compute it explicitly. However, it is useful to observe that this method of constructing actions tells us something about the structure of the component Lagrangian. From (73) we have
The non-leading terms on the right-hand side all involve the induced worldvolume "gravitino" field E m α . This is related to ∂ m θ α but it is not expressible in terms of Λ. The components L ABC will all be constructed from manifest tensors, namely Λ and X; the gravitino terms reflect the fact that the Lagrangian is a density.
Component approach
In the component approach we write the action as S = S 0 + S 1 , where S 0 is the usual GreenSchwarz action for the supermembrane [31] , and similarly for the worldvolume supersymmetry variations, so that at first order we have
We can ignore the first term if we calculate S 1 using the lowest-order field equations. The neglected terms correspond to field redefinitions. We are therefore looking for an on-shell invariant at order β.
From the discussion above we have seen that the first-order Lagrangian density L will have the form
where g is the determinant of the Green-Schwarz metric,L := ǫ abc L abc and where the right-hand side is understood to be evaluated at θ = 0. Under a worldvolume supersymmetry variation we find
for some L m α . To quadratic order in fermions the terms represented by the dots in (82), which have two or more powers of E m α , can be disregarded. The schematic form of the Lagrangian terms areL
while
We shall focus on the terms in the variation of L which are linear in fermions. In the variation of E m α we can use the lowest-order expression for the induced torsion T βc α . As this is quadratic in Λ the corresponding term in δE m α can be ignored. The term involving the variation of the world-volume vielbein E m a can also be ignored as it leads to terms which are cubic in fermions.
The terms which are linear in fermions involve either Λ or E m α , and these must cancel separately.
Thus we see that the term arising from the variation of the determinant of the metric multiplied by the X 4 term inL must be cancelled by the leading term coming from the variation of L αbc . The terms linear in Λ arise from varying both the Λ 0 and Λ 2 terms inL and from the ∇v variation term in E m α multiplied by L αbc . It therefore follows that the terms linear in Λ in the variation ofL will cancel up to a covariant divergence if the parameter v α is taken to be covariantly constant. The terms involving the derivative of v in the variation ofL must cancel against similar terms arising from the variation of E m α . In fact, demanding that these terms cancel determines L αbc at first order in Λ. We shall therefore concentrate on computingL up to quadratic order in the fermions. In what follows we shall refer toL as the Lagrangian.
It follows from the analysis in section six that, up to and including terms quadratic in the fermions, there is a unique supersymmetric invariant at order l 4 . Indeed, we have shown that at order cubic in the fields there is a unique nontrivial element in the relevant spinorial cohomology group and this implies that there is a unique deformation of the equations of motion. We conclude that in the action there is a unique supersymmetric invariant at order quartic in the fields. In particular, there can be no terms in the action of order cubic, or less, in the fields. There are also no terms of the form Λ 2 X 3 as can be seen by the fact that there is no scalar in the decomposition of the tensor product
The bosonic part of the Lagrangian at l 4 , is a linear combination of the following three X 4 terms
A fourth structure
can be shown to be linearly dependent
by using the identity
At quadratic order in the fermions, the Lagrangian at l 4 contains terms of the form Λ 2 X∇X and Λ∇ΛX 2 . A lengthy calculation, the details of which are given in appendix B, yields the following result forL:
The Lagrangian above is determined up to a total derivative and up to terms vanishing by virtue of the lowest-order equations of motion. The latter can always by removed by appropriate field redefinitions.
We shall now compare our result to that of [2] . In this paper the bosonic CP-even part of the O(l 4 ) Lagrangian of a D-p brane was determined to be
see equation (2.14) of that reference. In the above we have omitted an overall multiplicative constant involving α ′ and the string coupling.
Let us view (92) as the world-volume Lagrangian of a D2-brane and consider its lift to eleven dimensions. The various curvatures in (92) are given, in the notation of the present paper and for flat target-space, by
Substituting (93) into (92) on gets precisely the bosonic part of (91).
The Lagrangian (92) was determined, as is the case with (91), modulo total derivatives 4 and terms which vanish by virtue of the lowest-order equations of motion. In [3] the investigation of these ambiguities was considered, see equation (5.4) therein. It was shown that there is a total of five ambiguous terms, two of which vanish by virtue of the lowest-order equations of motion and therefore cannot be determined perturbatively. Two of the other three terms vanish for flat target-space, whereas the remaining third term vanishes by virtue of equation (89) of the present paper.
Kappa symmetry
Although we have not used the modified worldvolume supersymmetry transformations in determining the Lagrangian, it is perhaps of interest to see how the usual κ-symmetry variations are altered. To lowest order the κ-symmetry transformations were derived, starting from worldvolume supersymmetry transformations, in equations (9) (10) (11) (12) (13) (14) . These will be amended when we deform the embedding condition. In general, a worldvolume supersymmetry transformation gives the following transformations
We can convert the second of these into κ-symmetry form as before:
where κ α = v α E α α and
where the inverse refers to inverting the square matrix formed from (E α α , E α ′ α ). Explicitly
The first term here has the same structure as in the undeformed theory. The bosonic projection of δz M can be written
satisfies Ψ = P Ψ.
In the undeformed theory the matrix Γ is given by
This can easily be seen to be the same as
In the deformed theory we can write
where Γ 0 has the same form as in (101) and (102) and where h is regarded as a 32 × 32 matrix satisfying h = P 0 hQ 0 , with
The formulae above are valid for an arbitrary deformation ψ. To obtain the order β term we merely have to substitute into the expressions the explicit forms for ψ and h.
Conclusions
In this paper we have discussed the first correction to the dynamics of the M2-brane in the superembedding formalism which we have shown to occur at order ℓ 4 . We have seen that the allowed modifications of the constraints are specified by an element of a certain spinorial cohomology group. There is a unique solution cubic in the fields and we believe that there are no other independent terms at quartic or higher orders. In principle one could continue this analysis for higher powers of ℓ. We would expect to find both corrections induced by iterating the first correction and new cohomological terms. However, the computations are difficult, even at ℓ 4 .
The formalism developed here could be applied straightforwardly to other branes such as the M5-brane and D-branes. Indeed, we could obtain the equivalent terms in the D2-brane action by dimensional reduction. In particular, this would shed some light on the κ-symmetric effective action including ∂ 4 F 4 terms. Another extension of the formalism would be to include non-trivial supergravity backgrounds. In D = 11 it is expected that the first correction to supergravity occurs at ℓ 6 , so that this complication could be ignored. It should therefore be relatively straightforward to compute the corrections at the same order, which involve the background supergravity fields. In the case of the M5-brane these results could again be dimensionally reduced to ten dimensions, either to give results for the NS5-brane, or the D4-brane. In the latter case one would expect to see some sign of theÂ-genus terms discussed in [39, 40, 41] . In principle, we should therefore be able to obtain some information about the supersymmetrisation of these terms.
Appendix A Notation
The following index conventions are used: plain (underlined) indices refer to worldsurface and target space quantities respectively and primed indices refer to normal spaces; indices from the beginning of the alphabet refer to preferred bases, indices from the middle of the alphabet to coordinate bases; Latin (Greek) indices are used for even (odd) indices, while capital indices run over the whole space. Thus a worldsurface preferred basis index could be A = (a, α) while a target space coordinate index could be M = (m, µ). Tensor quantities with indices are not underlined, but if the indices are omitted or if a target space tensor is projected on some of its indices we underline the tensor.
For the spinor indices a two step notation is used. Initially the target space index α, running from 1 to 32 is split in two, α → (α, α ′ ), where both the worldsurface index α and the normal index α ′ run from 1 to 16. For some purposes this is adequate but sometimes one wishes to recognise explicitly that these indices transform under Spin(1, 2) × Spin (8) . We set
where the spinor index on the right takes on two values while i and i ′ both run from 1 to 8. We use space-favoured metrics throughout, η ab = (−1, +1, . . . , +1), and the spacetime ǫ-tensors have ǫ 0123... = +1.
We use the following representation of the D = 11 Γ-matrices:
where the d = 3 γ-matrices are 2 × 2 and the d ′ = 8 γ-matrices are 16 × 16. The charge conjugation matrix is
In indices
and
where the 8 × 8 σ-matrices are related to the eight-dimensional γ-matrices by
Eleven-dimensional spinor indices are raised or lowered according to the rule
where C with upper indices is the same matrix as C with lower indices. Three-dimensional spinor indices are similarly raised or lowered using ǫ. Eight-dimensional indices, whether spinor or vector, are raised and lowered with the standard Euclidean metric. The Γ-matrices with lowered indices are
It is straightforward to decompose any of the eleven-dimensional Γ-matrices with multi-vector indices in this way. We give the two-index Γ-matrices as they are used most in the text:
The three-dimensional γ-matrices are real, symmetric with lowered indices, and satisfy
For the eight-dimensional σ-matrices one may take
where r = 1, . . . 7, and where the τ r are seven-dimensional Dirac matrices which are purely imaginary and antisymmetric. The matrices σ a ′ b ′ c ′ d ′ andσ a ′ b ′ c ′ d ′ are symmetric, the former being self-dual, the latter anti-self-dual, σ a ′ b ′ andσ a ′ b ′ are antisymmetric.
Group theoretic conventions
Consider a Lie group G and a G-module V . The n-th tensor product V ⊗n admits a decomposition R V R × R under G × S n , where R runs over all irreducible representations of the symmetric group S n and V R is a G-module. As is well known, the irreducible representations of S n can be parametrised Not all of the above are independent. Only three of the u and four of the s-terms are, as can be seen by counting the number of scalars in the decomposition of the tensor products 
The first line of (120) is derived using the identity
The second line of (120) can be shown by taking (90) into account. Finally, to derive the third line of (120) one notes that
In addition one has to take into account the fact that some terms are related to each other by integration by parts. Indeed, up to total derivatives, one has the following relations 
Only six of the equations (120,123) above are independent. It is perhaps interesting to note that the group-theoretic relations (120) are all implied by the partial integration equations (123). The solution may be given in terms of four independent variables which we take to be s 1−4 , 
Therefore, the lagrangian at l 4 can be written aŝ
where the constant coefficients A, B are determined by the requirement that the supersymmetric variation ofL be a total derivative, up to ∇v terms.
At linear order in the fermions, the supersymmetric variation of the correction to the Lagrangian, igoniring the ∇v terms, consists of terms of the form ∇ΛX 3 , Λ∇XX 2 . Explicitly, one can write down the following structures (suppressing spinor indices and the supersymmetry parameter v) ∇ΛX 3 : 
The last two lines in equation (132) 
In addition one has to allow for integrations by parts. Up to total derivatives, one has the following relations 
These results lead to the Lagrangian (91).
